The out-of-time-ordered correlators (OTOC) have been established as a fundamental concept for quantifying quantum information scrambling and diagnosing quantum chaotic behavior. Recently, it was theoretically proposed that the OTOC can be used as an order parameter to dynamically detect both equilibrium quantum phase transitions (EQPTs) and dynamical quantum phase transitions (DQPTs) in one-dimensional many-body systems. Here we report the first experimental observation of EQPTs and DQPTs in a quantum spin chain via quench dynamics of OTOC on a nuclear magnetic resonance quantum simulator. We observe that the quench dynamics of both the order parameter and the two-body correlation function cannot detect the DQPTs, but the OTOC can unambiguously detect the DQPTs. Moreover, we demonstrate that the long-time average value of the OTOC in quantum quench signals the equilibrium quantum critical point and ordered quantum phases, thus one can measure the EQPTs from the non-equilibrium quantum quench dynamics. Our experiment paves a way for experimentally investigating DQPTs through OTOCs and for studying the EQPTs through the non-equilibrium quantum quench dynamics with quantum simulators. * These authors contributed equally to this work. † xint@sustech.edu.cn ‡ ludw@sustech.edu.cn § lij3@sustech.edu.cn [1] S. Sachdev, Quantum Phase Transitions (Cambridge University Press, Cambridge, England, 2011).
Introduction. -Equilibrium quantum phase transitions (EQPTs) [1] are one of the most significant phenomena in many-body physics since it signals new states of quantum matter. It is accompanied by a nonanalytic change of some physical observable at a quantum critical point and is well understood from the paradigm of renormalization group theory [2] . Recently, dynamical quantum phase transitions (DQPTs) that emerge in the dynamics of an isolated quantum many-body systems have attracted extensive theoretical efforts [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] and experimental interests [15] [16] [17] [18] [19] [20] [21] . There are two different types of DQPTs. One type is witnessed by the nonanalyticity in the rate function of the Loschmidt echo at critical times [3] , which resembles the nonanalyticity of free energy density as a function of temperature or other control parameters in the EQPTs. The other type is revealed by nonanalyticity of some local order parameters in quench dynamics measured at long time limit as a function of the control parameter of the quenched Hamiltonian [12] . Both types of DQPTs are intrinsically dynamical quantum phenomena without equilibrium counterparts [13] .
EQPTs and DQPTs are both connected to the large quantum fluctuations [1, 2] and therefore related to fast propagation of quantum information in many-body systems, which can be captured by a recently proposed out-of-time-ordered correlations (OTOC) [22, 23] . OTOC is defined as
(1) for a given physical system described by a Hamiltonian H and an initial state |ψ 0 . Here, W and V are two local Hermitian operators, where W (t) = U † (t)W (0)U (t) is an operator in the Heisenberg picture with time evolution operator U (t) = e −iHt , and · denotes the expectation value over the initial state |ψ 0 . OTOC has been proposed to describe dispersions of local quantum information in quantum many-body systems, termed information scrambling [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . Moreover, it has triggered numerous applications in far-from-equilibrium quantum phenomena, ranging from nonequilibrium statistical mechanics [35] , quantum thermalization [36] [37] [38] [39] to black holes [40, 41] . A recent theoretical study [42] proposes that quench dynamics of the OTOC can be used to detect EQPTs and DQPTs in many-body systems [43] [44] [45] . However, experimental progress on this OTOC-based detection scheme has been elusive.
Here, we report the first experimental observation of the EQPTs and DQPTs from the quench dynamics of OTOC. Specifically, we simulate the quantum Ising models, including an integrable model and a nonintegrable model, on a fourqubit quantum simulator with the nuclear magnetic resonance (NMR) technique. We measure the quench dynamics of both the two-body correlation function of the order parameter and the OTOC of the order parameter experimentally from a fully polarized initial quantum state. On the one hand, we observe that the two-body correlation function cannot signal the DQPTs but the OTOC can clearly detect the DQPTs both in an integrable and non-integrable quantum Ising models, which experimentally establishes OTOCs as a useful probe of DQPTs. On the other hand, we experimentally show that the long-time average value of the OTOC in quench dynamics signals the equilibrium critical points in both integrable and nonintegrable quantum models, showing that one can extract the equilibrium quantum critical properties from the nonequilibrium quantum quench dynamics. Ising model with periodic boundary condition, as shown in Fig. 1(a) . The corresponding Hamiltonian is written as
where σ α n (α = x, y, z) are Pauli operators on the n-th site, J and ∆ denote nearest-neighbor (NN) and the next-nearestneighbor (NNN) couplings, and g is the uniform transverse field. For a ferromagnetic Ising model (J > 0), we assume J = 1 without loss of generality.
We investigate two kinds of Ising chains: the integrable version with only nearest interactions, i.e., ∆ = 0, which is termed as transverse-field Ising chain (TFIC), and the nonintegrable one with both NN and NNN interactions, namely axial next-nearest-neighbor Ising model (ANNNI). Both models serve as paradigms in EQPT [1, 10, 19, [46] [47] [48] . The TFIC undergoes a quantum phase transition at the critical point g c = 1: it stays in the ferromagnetic state for g < 1, and in the paramagnetic phase for g > 1. The quantum phase diagram is much more complex for the ANNNI [46] [47] [48] [49] [50] [51] . Here, we consider the phase transition between ferromagnetic and paramagnetic phases in the case of ∆ = 0.5, where the critical point locates at g c 1.6. The DQPTs in such Ising models have been theoretically and experimentally studied by Loschmidt echoes [3, 15, 16, 46] . DQPTs are usually investigated by quantum quenches. It starts from the ground state of an initial Hamiltonian H 0 , and then evolves under another Hamiltonian H f . For example, in the Ising model in Eq. (7) , we choose |ψ 0 as the fully polarized state |↑↑↑ . . . , which is one of the two degenerated ground states of initial Hamiltonian with g = 0. There are two kinds of quantum quenches in the transverse-field Ising model as shown in Fig. 1(a) , depending on the case g < g c or g > g c . DQPT only occurs in the second case when the system quenches across g c .
The autocorrelation function χ(t) = σ z n (t)σ z n [1], which can detect equilibrium dynamics, becomes indistinctive in the nonequilibrium case. It is proposed that the second moment of the autocorrelation function [42] , i.e.,
can be used to distinguish the two kinds of quench dynamics. In fact, this function F (t) corresponds to the OTOC O(t) in Eq.
(1) when the two local operators W and V are both chosen to be σ z n . In experiment, we set W = V = σ z 1 . Through observing the time dependence of the real part F R (t), one can obtain the information about whether the time evolving Hamiltonian H is in the ferromagnetic or paramagnetic region. Moreover, the time-averaging OTOCF R = 1 t t τ =0 F R (τ )dτ also serves as an order parameter for DQPT:F R is nonzero for ferromagnetic phase and vanishes gradually upon approaching the critical point, while in contrast it stays zero in the whole paramagnetic phase.
Experiment.
-The experiments are carried out on a Bruker Ascend 600 MHz spectrometer (14.1 T) equipped with a cryo probe. The physical system used to perform quantum simulation is the ensemble of 13 C-iodotrifluoroethylene (C 2 F 3 I) dissolved in d-chloroform. The 13 C nuclear spin (Qubit 1) and the three 19 F nuclear spins (Qubits 2-4) constitute a four-qubit quantum simulator. Each nuclear spin corresponds to a spin site in the Ising model. The natural Hamiltonian of the nuclear system placed in a static magnetic field along z-direction is
where ω i /2π is the Larmor frequency of the i-th spin, J i,j is the scalar coupling between the i-th and j-th spin. The molecular structure and the NMR Hamiltonian parameters of the sample are given in Fig. 1 (b) . Because |ψ 0 is an eigenstate of σ z 1 , the OTOC in Eq. (8) can be rewritten as with |ψ(t) = e iHt σ z 1 e −iHt |ψ 0 . In other words, to measure the OTOC throughout the quench dynamics, we need to initialize the system to the fully polarized state |ψ 0 , then apply a unitary transformation U (t) = e iHt σ z 1 e −iHt and finally measure the expectation value σ z 1 of the final state. The whole experimental process is illustrated in Fig. 1 (c) . The major part of the experiment is to simulate the unitary operation U (t), which we describe in the following.
Given the target Hamiltonian H, we divide the quench dynamics into M discrete time steps, and record the instantaneous OTOCs at time t = kτ (k = 0, 1, · · · , M − 1). The unitary evolution U (t) can be decomposed into a sequence of unitary transformations: a time evolution operator e −iHkτ , a single qubit rotation σ z 1 and a backward time evolution e iHkτ . The key point of the unitary evolution lies in the realization of the two operators e −iHτ and e iHτ . Utilizing the Trotter-Suzuki decomposition formula, the time evolution e −iHτ can be simulated approximately by
where the evolution time τ is divided into m segments with equal time length δτ = τ /m. Here,
] for the ANNNI model. In each segment of evolution, e −iHxδτ /2 and e −iHzzδτ can be realized through optimized radio-frequency pulses combined with the NMR refocusing technique. The reverse time evolution e iHτ can also be done in a similar way. As to the operator σ z 1 , it is a π rotation about the z-axis on the first nucleus. In experiment, to improve the control accuracy, we engineer the unitary evolution U (t) with a shaped pulse optimized by the gradient ascent technique [3] . The width of the shaped pulse for each U (t) is 40 ms with theoretical fidelity above 99.5%.
Integrable TFIC model. -We first study the quench dynamics in the TFIC by observing the time dependence of OTOC. In experiment, we consider two different quenches as shown in the upper panels of Fig. 1(a) : (i) quenching from g = 0 to g = 0.5 and (ii) quenching from g = 0 to g = 1.5. The whole evolution is divided into M = 12 steps with fixed time increment τ = 0.5, and the experimental results are shown in the upper panels of Fig. 2(a) . Only the real parts of the OTOC F R (t) are measured in experiment. In both quenches, F R (t) starts from F R (t = 0) = 1 at t = 0 and then decays due to the information spreading. Obviously, the long time behavior of the two cases are quite different. For g = 0.5 where the Hamiltonian is in the ferromagnetic region, F R (t) oscillates as a function of time but is always positive. In contrast, for g = 1.5, F R (t) oscillates around zero [53] .
From the behaviour of F R (t), we can readily differentiate the dynamical ferromagnetic phases and paramagnetic phases. That is to say, there will be a DQPT in-between. For comparison, we measure the time evolution of the autocorrelation χ(t) = σ z 1 (t)σ z 1 during the quench dynamics, with the experimental results shown in the lower panels of Fig. 2(a) . In theory, for quantum quench from the polarized state |↑↑↑ . . . , χ R (t) = σ z 1 (t) vanishes with time because the quantum system is heated by the quenching process. There is no longrange quantum order for one-dimensional models with shortrange interaction at non-zero temperature. Indeed, we observe that χ R (t) oscillates around zero in both quantum quenches [the lower panels of Fig. 2(a) ], which indicates that the autocorrelation function cannot be used to signify the two different dynamical quantum phases, and thus cannot detect DQPTs. Therefore, we experimentally verify that the OTOC of the order parameter, as a four-point correlation function, can detect different dynamical quantum phases and the DQPTs, while the order parameter and the two-body correlation function can not. Furthermore, we study how the long-time average of OTOCsF R changes with the transverse field g. We vary g from 0.1 to 1.9 with increment 0.1, and measureF R during the time evolution of OTOCs. The experimental results are shown in Fig. 3(a) . In the ferromagnetic phase,F R is nonzero and eventually vanishes when approaching the equilibrium critical point g = 1. In the paramagnetic phase,F R stays zero. This result confirms the validity of using the long-time averaged OTOC as an order parameter to detect DQPTs as well as to locate the corresponding equilibrium quantum critical point. The fluctuation beyond the critical point in the simulation result (blue dashed line) is due to the small size of the system. We implement numerical simulations in larger systems (N ≥ 9), and find that the fluctuation is much lower (red solid line).
Non-integrable ANNNI mode.. -We now turn to the nonintegrable ANNNI model. Two different quantum quenches are investigated: from g = 0 to g = 0.5 and from g = 0 to g = 2.0. The dynamics is divided into M = 15 segments with duration of each segment set as τ = 0.2. The experimental OTOCs F R (t) are shown in the top panels of Fig. 2(b) , and the χ R (t) are also measured for comparison, shown in the bottom panels of Fig. 2(b) . From the results, it can be seen that, the two-body correlation function cannot distinguish different dynamical phases and the DQPTs, while the OTOC of the order parameter works fine. The long-time averaged OTOC as a function of the quenched parameter is experimentally observed in Fig. 3(b) , where g is varied from 0.1 to 2.4. Similar behaviors with the TFIC model are observed for the ANNNI model:F R takes a finite value at the ferromagnetic phase, gradually approaches zero when g approaches the critical point g c 1.6, and finally stays zero throughout the paramagnetic region. This is an evidence that OTOC in quench dynamics can be served as an order parameter to locate the equilibrium quantum critical point in the nonintegrable cases, beating the autocorrelation function. The numerical simulation of N = 9 (red solid line in Fig. 3(b) ) is also given.
Conclusion. -In this work, we present the first experimental observation of EQPTs and DQPTs from quench dynamics of OTOC in both integrable and nonintegrable Ising models on an NMR quantum simulator. To be concluded, both the order parameter and the ordinary two-body correlation function in quantum quench cannot be used as a probe to observe DQPTs. However, the OTOC, which is a four-point correlation function, can detect DQPTs. Therefore, our experiment unveils the important correlations between the OTOC and DQPTs. Moreover, our experiment demonstrates the feasibility of experimentally studying the EQPTs by performing a dynamical non-equilibrium measurement without carrying out the challenging initialization of the true many-body ground state. In addition to quantifying the information scrambling and diagnosing chaotic behavior of quantum many-body systems, our experiment establishes the OTOC as a faithful probe for DQPTs and EQPTs. While our work focuses on the shortrange many-body systems, it would be interesting to investigate the relations among OTOCs, EQPTs and DQPTs in longrange many-body systems of one-and higher-dimensions. The main experimental procedure of the experiment is illustrated in Fig. 1(a) of the main text. Firstly, starting from the thermal equilibrium state ρ eq
using the line-selective method [2] , here I is the 16 × 16 identity matrix, ∼ 10 −5 is the polarization of the nuclear system. The PPS behaves similarly as the pure state |0000 up to a scale factor on the readout signal. The pulse sequence of the PPS preparation includes two line-selective pulses together with two gradient fields to remove the undesired quantum coherence. The first selective pulse aims to saturate the populations of all computational basis states except the first one, and the second is designed to transfer the zero-order quantum coherence to the positions of the multi-order coherence. Both line-selective pulses are realized using shaped pulses optimized by the GRAPE algorithm [3] , whose durations are 25 ms and 20 ms, respectively. OTOC. In the quantum quench with initial state |ψ 0 = |0000 , the autocorrelation can be written in the form of
where |Ψ(t) = e −iHt |ψ 0 . Discrete the time duration as the same as the main text, the quantum circuit of the measurement is shown in Figure. 4, the concrete form of H x and H zz can be found in the main text. To reduce the experimental errors, we implement the unitary evolution e −iHt by a GRAPE pulse with the time length of 40 ms.
Appendix B. Analyses of experimental Results
The influence of system size To analyze the difference between the experimental data in Fig. 2 of the main text and the theoretically predicted results, we numerically simulate the time dependence of F R with different system sizes, as shown in Figure. 5. The simulation results in both TFIC and ANNNI models reveal that the fluctuation of F R (t) of the second quench suppresses as the system size enlarges.
Error analysis
We use the average abstract deviation δ = 1 K |x i exp − x i th | to estimate the error in Fig. 2 and Fig. 3 of the main text and their average error are 0.081 and 0.018, respectively, here K is the number of the data points, x i exp and x i th represent the 9 (a) i-th experimental and theoretical values. It shows that the error ofF R is much smaller than that of F R , which is mainly due to that the random error term is reduced by multiple measurements. These experimental errors may be caused by the imperfection of the initial state, the inaccuracy of the GRAPE pulse, the effect of decoherence during the experimental time and the sampling error. Considering that the duration of quantum circuit in experiments is much shorter than the relaxation time, the effect of decoherence can be ignored. Besides, the fidelities of the GRAPE pulses are all above 99.5%, which will result in an error of about 0.3%. In the error analysis, we mainly consider the effect of the imperfect initial states and the readout error. The imperfect of the initial state with a fidelity of 95% adds an average error of 2.5% and 3.3% to the experimental results of TFIC and ANNNI, respectively. The readout error is coursed by the white noise of the NMR spectra, which is about 2%.
Appendix C. Observation of quantum phase transition via OTOC in equilibrium dynamics
Experimental Implementation
We also experimentally demonstrate that the OTOC of the equilibrium dynamics can be used to detect quantum phase transition and the critical points in both integrable and nonintegrable quantum systems. The initial state of equilibrium dynamics is the ground state of the Hamiltonian H, i.e., |ψ 0 = |ψ g . As same as the experiments of quench dynamics in the main text, we investigate the TFIC and ANNNI models in the equilibrium case. Comparing with the quench ex-periment, the experimental measurement of the OTOCs in an equilibrium case is more complicated. First, we have to prepare the ground state of the Hamiltonian H with different g, which is much more difficult than the fully polarized state; Second, for |ψ g is not an eigenstate of the local operator σ z 1 , we cannot rewrite F (t) and χ(t) as in the quantum quench case so that they cannot be measured with quantum circuit shown in Fig. 1(c) of the main text or the quantum circuit in Figure. 4. In the following, we will explain the experimental details and show the experimental results of the equilibrium cases.
Quantum circuits.-We write the OTOC in the equilibrium dynamics in the form of F (t) = ψ 1 (t)|ψ 2 (t) , with |ψ 1 (t) = σ z 1 σ z 1 (t)|ψ g and |ψ 2 (t) = σ z 1 (t)σ z 1 |ψ g . Such kind of state overlap can be measured by introducing an ancillary qubit. We use the same 4-spin nuclear magnetic system as the quantum simulator and study the OTOC behaviors of the 3-spin Ising models except for an ancillary qubit. The quantum system is first initialized into a product state |0 ⊗ |ψ g . Then a Hadamard gate is applied on the ancillary qubit so as to get a state 1 √ 2 (|0 + |1 ) ⊗ |ψ g . After that the system is evolved with two control gates in the form of
The real part of OTOC can be read out by measuring the expectation value of σ 1
x . The quantum circuit is shown in Figure. 6(a). We also experimentally study the time evolution of autocorrelation χ(t) = σ z 1 (t)σ z 1 in the equilibrium dynamics. The quantum circuit is similar to that of the OTOC as shown in Figure. 6(b) . The only difference is in the two control gates, which are in the form of U 1 = |1 1| ⊗ σ z 1 (t) and U 2 = |0 0| ⊗ σ z 1 , respectively. Preparation of the ground states.-The initial state of the equilibrium dynamics is the ground state of the Hamiltonian H, i.e., |ψ 0 = |ψ g . It is usually difficult to prepare the ground state in experiment, because the concrete form of |ψ g depends on the value of g and is always highly entangled. Fortunately, in the case of small system, the ground state can be exactly solved, we can search a unitary evolution U g which satisfies |ψ g = U g |00 · · · 0 , such that the ground state |ψ g can be prepared from |00 · · · 0 directly. In the case of large system, one may have to design an adiabatic passage so as to obtain the ground state for a particular g.
In principle, all the unitary operations can be realized with the well-designed pulse sequence composed of the universal quantum gates, but it always results in tremendous experimental errors. In the experiments, we use a single shaped pulse searched by GRAPE algorithm to realize the unitary evolution U 2 U 1 HU g , the time length and the theoretical fidelity of the shaped pulse are 40 ms and 99.5%, respectively.
Experimental Results and Discussion
The experimental results of the equilibrium dynamics are shown in Figure. 7 and Figure. 8. Firstly, we observe the time dependence of OTOC and autocorrelation in equilibrium dynamics with the time evolving Hamiltonian in different regions for both TFIC and ANNNI models, with experimental results shown in Figure. 7. We find that F R (t) behaves analogously as that of the quantum quench in both Ising models: in the case where Hamiltonian locates in the ferromagnetic region, F R maintains a positive value as the time goes by; where in the region of paramagnetic phase, F R diminishes to a small value nearby zero. This means that the time dependence of OTOC can be used to characterize the kind of Hamiltonian. Besides, the behavior of χ(t) also changes with the Hamiltonian: when the Hamiltonian is ferromagnetic, χ R (t) oscillates around a positive value; while for the paramagnetic Hamiltonian, χ R (t) diminishes to a negative value and then revives. This illustrates that χ(t) can be used to differentiate the kind of the Hamiltonian in the equilibrium dynamics, which is different with the non-equilibrium dynamics.
The experimental long-time averaged OTOCs of the two Ising models are shown in Figure. 8:F R gradually decreases to zero when approaching the corresponding theoretical critical points at g c = 1.0 and g c = 1.6 for the TFIC and ANNNI models, and oscillates around a small value near zero in the whole paramagnetic phase region. However, there are obvious distinctions between the theoretical critical points and the experimental ones, which is mainly due to the small size of the Ising models simulated in the experiments. We also numerically calculateF R in larger Ising systems with N = 8 spins, which are shown with the red solid lines. It is an obvious evidence that the difference between experimental data and the theoretical predictions can be removed as the system grows larger. * These authors contributed equally to this work. 
